Abstract. The main results are the following two theorems.
Introduction
The divisorial contractions of algebraic varieties to the toric singularities are studied in this paper. The main results are the following two theorems. Theorem 1. Let f : Y → (X ∋ P ) be a divisorial contraction, where Exc f = E is an irreducible divisor. Suppose that the variety Y has canonical singularities, (X ∋ P ) is a Q-factorial toric singularity and f (E) is a toric subvariety. Then f is a toric morphism. Theorem 2. Let f : (Y, E) → (X ∋ P ) be a purely log terminal blow-up. Suppose that (X ∋ P ) is a Q-factorial toric singularity and f (E) is a toric subvariety. Then f is a toric morphism.
Theorem 2 is a "logarithmic" version of theorem 1. The special cases of theorem 1 were obtained in the papers [3] , [1, Theorem 3.10] and [2] . Also the divisorial contractions to the three-dimensional toric terminal singularities and the purely log terminal blow-ups of three-dimensional toric terminal singularities were completely studied in this paper (see corollary 2.3 and theorem 3.7). Let us remark that the results obtained have the very important applications to the rationality problem of algebraic varieties too.
I am grateful to Professor Yu.G. Prokhorov for valuable advices. 
Preliminary facts and results
All varieties considered are defined over C, the complex number field. The main definitions, notations and notions used in the paper are given in [6] . The germ of a variety X at a point P is denoted by (X ∋ P ).
] be a power series (polynomial). The Newton polyhedron Γ + (f ) in R n is the convex hull of a set
For each face γ of Γ + (f ) we define
We say that f determines a non-degenerate singularity if, for every compact face γ of the Newton polyhedron, the polynomial equation f γ = 0 defines a smooth hypersurface in the complement of the set x 1 x 2 . . . x n = 0. In this case f is called a non-degenerate series (polynomial).
be a hypersurface singularity defined by a non-degenerate reduced polynomial. Then there exists a toric birational morphism Z → C n , which is the toric log resolution of the pair (C n , X). Theorem 1.2 can be naturally generalized for Q-factorial toric singularities. Theorem 1.3. Let X ∋ P, D = C n ∋ 0, {f = 0} /G be a pair, where f is a non-degenerate reduced polynomial and G is an abelian group acting freely in codimension 1. Then there exists a toric birational morphism Z → (X ∋ P ), which is the toric log resolution of the pair (X, D).
Proof. Let N = Z n be a lattice and M = Hom Z (N, Z) be its dual lattice. We denote N ⊗ Z R and M ⊗ Z R by N R and M R . We have a canonical pairing , : N R × M R → R. Let the singularity (C n ∋ 0)/G be defined by a cone σ in N. Note that this cone has exactly n edges. Every edge corresponds to its coordinate of C n . Let us define the Newton polyhedron Γ + (f ) in M R as the convex hull of a set
, where σ ∨ is a dual cone in M R and the coordinates of m are taken with respect to σ ∨ . Right now the proof is rewritten without any changes from the paper [16] in our case.
Proof. If (Z ∋ P ) is a Q-factorial singularity then we have the first possibility by terminal lemma (for example, see [12, §1.6] ). Assume that (Z ∋ P ) is not a Q-factorial singularity. Let (Z ′ ∋ P ′ ) → (Z ∋ P ) be a canonical cover and let Z → Z ′ be a Q-factorialization. Since the variety Z has the Q-factorial toric terminal singularities of index one only then Z is a smooth variety.
Let us prove that Exc f is an irreducible curve [15, Example 6] . Assume the converse. Since the divisor K X + T is log canonical, where T is a complement to the open toric orbit, then there exists an invariant irreducible (smooth) divisor T 1 containing two intersecting curves from Exc f . It is impossible since these curves must be (−1) curves on T 1 . Hence
[10, Exercise 14-2-10] and X ′ = X by the classification of three-dimensional terminal singularities [11] .
Divisorial contractions
Theorem 2.1. Let f : Y → (X ∋ P ) be a divisorial contraction, where Exc f = E is an irreducible divisor. Suppose that the variety Y has canonical singularities, (X ∋ P ) is a Q-factorial toric singularity and f (E) is a toric subvariety. Then f is a toric morphism.
ϕ} is a sufficiently large number, where the polynomial ϕ is defined by the equality {ψ = 0} ∼ = (Sing ψ)×{ϕ = 0} in the sufficiently small neighborhood of generic point
Assume that ψ is a non-degenerate polynomial. Consider the embedded toric log resolution g : Z → X of a pair (X, 1 α D), which exists by theorem 1.2. Write
By obvious lemma 2.2 the morphism f is toric. Assume that ψ is a degenerate polynomial. Then
Consider a deformation
If t = 0 then F 0 = ψ. For sufficiently general δ mk , δ ml and 0 < t ≪ 1 the following conditions are fulfilled:
D Y,t have canonical singularities, where D Y,t is the proper transform of a divisor D t = {F t = 0}. This condition takes place by [5] . If a(E, 1 α D t ) = 0 then the problem is reduced to the case when ψ is a nondegenerate polynomial. If a(E,
) such that a(E, µD t ) = 0. It is possible by conditions 2) and C). The problem is reduced to the case when ψ is a non-degenerate polynomial. Theorem is proved in the case of non-singular point.
Let (X ∋ P ) be a singular point. If the divisor K Y is f -nef then consider a toric resolution Z → (X ∋ P ). Since the singularity (X ∋ P ) is log terminal then a new exceptional divisor E ′ with discrepancy a X (E ′ , 0) ≤ 0 can be realized by toric blow-up only. Let the divisor −K Y is f -ample. Then the proof is the same as the proof in the case of non-singular point but theorem 1.3 is used instead of theorem 1.2. [2] Let f : Y → (X ∋ P ) be a divisorial contraction, where Exc f = E is an irreducible divisor. Suppose that the variety Y has canonical singularities, (X ∋ P ) is a three-dimensional toric terminal singularity and f (E) is a toric subvariety. Then f is a toric morphism.
Proof. According to theorem 2.1 and proposition 1.4 it remains to prove the corollary in the case when
Let the divisor −K Y be not f -ample (by hypothesis the divisor −K Y is f -nef). By base point free theorem the linear system | − nK Y | is free over X for n ≫ 0 and gives a contraction h : Y → Y over X. A curve C is exceptional for h if and only if K Y · C = E · C = 0. Therefore h is a small flopping contraction and the corollary is enough to prove in the case Y → X such that −K Y is ample over X. 1) Exc f ′ = E ′ is an irreducible divisor; 2) the divisors E and E ′ define the same valuation of the function field K(X).
By theorem 2.1 the divisorial contraction f ′ : Y ′ → X ′ is toric. Now the corollary follows from lemma 2.2 and stated above about the case when the divisor −K Y is not f -ample.
3. Purely log terminal blow-ups Definition 3.1. Let (X ∋ P ) be a log canonical singularity and let f : Y → X be its blow-up. Suppose that the exceptional locus of f consists of only one irreducible divisor: Exc f = E. Then f : (Y, E) → (X ∋ P ) is called a purely log terminal blow-up if the divisor K Y + E is purely log terminal and −E is f -ample.
Remark 3.2. Definition 3.1 implicitly requires that the divisor E be Q-Cartier. Hence Y is a Q-gorenstein variety. By inversion of adjunction . Hence, for Q-factorial singularity we can omit the requirement that −E be f -ample in Definition 3.1 because it holds automatically.
be two purely log terminal blow-ups. If E 1 and E 2 define the same discrete valuation of the function field K(X) then the blow-ups f 1 and f 2 are isomorphic [13, Remark 2.2]. 5) See the papers [13] and [8] about the inductive properties of purely log terminal blow-ups.
Example 3.5. 1) Let f : (Y, E) → (X ∋ P ) be the toric blow-up of toric Qgorenstein singularity, where Exc f = E is an irreducible divisor. Then K Y + E is a purely log terminal divisor. The blow-up f can differ from a purely log terminal blow-up (in the case of non-Q-factorial singularity only) by small flopping contraction only [8, Corollary 1.13].
2) The two-dimensional non-toric log terminal singularities have the types D n and E i , where i = 6, 7, 8. The purely log terminal blow-up is unique for these singularities and it is the extraction of a central vertex of minimal resolution graph [13, Example 2.4]. Theorem 3.6. Let f : (Y, E) → (X ∋ P ) be a purely log terminal blow-up. Suppose that (X ∋ P ) is a Q-factorial toric singularity and f (E) is a toric subvariety. Then f is a toric morphism.
Proof. Let (X ∋ P ) be a non-singular point. For α ≫ 0 let us take a reduced divisor D Y ∈ | − α(K Y + E)| with the following properties: 1) the divisor K Y + E + (1 − ε)D Y is purely log terminal for ε > 0; 2) min{deg x m | x m ∈ ϕ} is a sufficiently large number, where the polynomial ϕ is defined by the equality {ψ = 0} ∼ = (Sing ψ)×{ϕ = 0} in the sufficiently small neighborhood of generic point
If ψ is a non-degenerate polynomial then this theorem is proved by theorem 1.2 and remark 3.4 4). Let ψ be a degenerate polynomial. Then
A) c mk + δ mk t = 0, d ml + δ ml t = 0; B) F t is a non-degenerate polynomial; C) the divisor K X + 1 α D t is log canonical and the divisor K Y + E + (1 − ε)D Y,t is purely log terminal, where D Y,t is the proper transform of a divisor D t = {F t = 0}, ε > 0. This condition takes place by [7, Corollary 7.8] .
If a(E, 1 α D t ) = −1 then the problem is reduced to the case when ψ is a nondegenerate polynomial. If a(E, 1 α D t ) > −1 then we can increase a coefficient 1 α to µ (note that µ < 1) such that a(E, µD t ) = −1. It is possible by conditions 2) and C). The problem is reduced to the case when ψ is a non-degenerate polynomial. Theorem is proved in the case of non-singular point.
Let (X ∋ P ) be a singular point. Then the proof is the same as the proof in the case of non-singular point but theorem 1.3 is used instead of theorem 1.2. Let us remark that, if we consider a natural cover X ′ → X and define Y ′ as the normalization of Y in the function field K(X ′ ), then the problem is immediately reduced to the case of non-singular point.
The following problem is very important one in studying three-dimensional Mori contractions (for example, see [9] ).
Problem. Describe the class of all log del Pezzo surfaces and generic P 1 -fibrations which can be the exceptional divisors of some purely log terminal blow-ups of three-dimensional terminal singularities.
For toric singularities this problem is solved in the following theorem.
Theorem 3.7. Let f : (Y, E) → (X ∋ P ) be a purely log terminal blow-up of three-dimensional toric terminal singularity. Then f is a toric morphism up to analytic isomorphism.
Proof. Let (X ∋ P ) be a Q-factorial singularity, that is, X ∼ = C 3 /Z r (1, −1, q) by proposition 1.4. According to theorem 3.6 it remains to prove the theorem in the case when f (E) is a curve. By proposition 3.3 the curve f (E) is nonsingular. Now we can apply theorem 3.6 since there is an analytical isomorphism (X ∋ P ) ≃ (X ∋ P ) mapping f (E) to a toric subvariety.
Let (X ∋ P ) be a non-Q-factorial singularity, that is, X ∼ = Spec C[x 1 , x 2 , x 3 , x 4 ]/(x 1 x 2 + x 3 x 4 ) by proposition 1.4. If f (E) is a curve then it is non-singular by proposition 3. ′ : (Y ′ , E ′ ) → X ′ is toric by proved above result. Note that the divisors E and E ′ define the same discrete valuation of the function field K(X). Let us take an analytical isomorphism (X ∋ P ) ≃ (X ∋ P ) such that f ′ (E ′ ) becomes a toric subvariety. By remark 3.4 4) and [8, Corollary 1.13 ] (see the proof of corollary 2.3 also) the theorem is proved.
